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Fourth-Order Four Point Sturn-Liouville
Boundary Value Problem With Non
homogeneous Conditions

Djibibe Moussa Zakari*, Tcharie Kokou®

Abstract - In this paper, the sucient conditions are given for the existence and uniqueness of solutions of the following nonlinear
Sturn-Liouville boundary value problem with non homogeneous four point boundary conditions :

u® () = f(t,u(t),u”’(t), 0<t<T
uw(0) —hou(0) = o
wW(1) —hu(l) =

arul () — by’ (ty) = Ay

aul®(ty) + bou’(t) =\,

where 0 < t; <t, <1 and Ay et A\, are nonegative parameters.

The dependence continue of the solution on the parameters A; and A, is also investigated.

Keywords and phrases : Fourth-order, Four points, Sturn-Liouville, Boundary value problem, Nonhomogeneous,
Cone, Concave, Fixed point, Green's function, Dontinuous dependence, Positive solution.

.  INTRODUCTION

biologics, chemics, mathematics and physics have been studied. For details, see for exemple, [1], [4] -[11]
and referencs therein.

In particular, in a recent article [4], Sun and Wang studied a four-point boundary value problem of the form

M ulti-point boundary value problems for ordinary differential equations arise in variety of areas of applied

u¥ () =f(t,u(t), 0<t<1
oau(0) — Bu(0) =yu(1) +6u'(1) =0
au//(a]) _bu///(E’]) — _A, Cu//(a]) _I_ du///(£1) — _u

In [2], Kong and Kong, investigated following multi-point boundary value problem :
uw(t) +alt)f(u) =0

u(0) = Z au(t) + A, u(l) = Z biu(ty) + 1
i P

where A and L are nonegative parameter. They derived some conditions for the above boundary value problems to
have a unigue solution and then studied the dependence of this solution on the parameters A and LL.

In another paper [5], Ricardo and Luis :
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In the present paper, being inspired by [2] and [5], we investigated the fourth - order differential equation

u¥(t) = f(t,u(t),u’(t)), 0<t<1 (1.1)

and the four-point nonhomogeneous Sturn-Liouville boundary conditions

w'(0) —hou(0) = x (
w(1) —hu(l) =« (
a]u“)(h) b (ty) =N\ (
au (1) + bou’(t2) = A (

where 0 < t; < t, < Tand A;and A; are nonnegative parameters.

We investigated the existence, uniqueness and parameter dependence continuous solution of the problem (1.1)

-(1.5).
We will suppose the following conditions are satisfied :

Conditions 1.1
o, o1, ho, hy, aj, bjarenonegative constants and a, b, negative constants such that

a=—-hy+hy+hohy >0 and b = b]bz(h —tz) —a;b; — ayby > 0.

Conditions 1.2
hioxo — hooy > 0, x—o—h;y >0, a—bit; >0, —byt;—a,>0.
Conditions 1.3
"

o f : [0, +oo[x[0, +oo[xR — [0, +oolis continuous and monotone increasing in u and u”.

® Thereexists 0 < r < 1,suchthat: k"f(t,u(t),u”) < f(t, ku(t),ku”’(t)) forall t € (0, 1),
and k € (0,1).

[I. PRELIMINARIES AND SOME BASIC LEMMAS

Definition 1
Let E be a reel Banach space with anorm ||.||r and K anonempty closed convex set of .

1. Kis saidto be cone if xK C E foralloc > 0 and K N (—K) = {Og ).
2. Every cone K in [E definies a partial orderingin E by x <y &= x —y € K.
3. Acone K is said to be normal if there existe A > ( such that
0<x <y = [IX|le < Alyllz.
4. A cone K is said to be solid if the interior K of K is nonempty.
5. An operator A ]2 — ]2 is called r-concave if
K'A(u) < A(ku) forall 0 <k <1, uekK,

© 2012 Global Journals Inc. (US)



where K is a solid cone and 0 <1 < 1.
Lemma 2.1

Let E bewu Banach space , K be a normal solidconein E, 0 <r<1land A : K— Kisar_

concave increasing operateur. Then A has a unique fixed point in K.

proof
The proof of this lemma 2.1 is the same as [1]

Lemma 2.2
Suppose a # 0 and b # 0. If g(t) € C([0, 1]) andg(t) > 0 on[0, 1], the nonhomogeneous
boundary value problem :

uP(t)=gt), 0<t<T

w(0) —hou(0) = ap, W(1) —hyu(l) = o

au® () b’ () = A1, au(t) — b () = A,
has a unique solution

1%)

1
u(t)zj K1(t,X)J Ka(x,1)g(y) dydx + () + A1 (t) + Asa(t), 0<t<T

0 t

where
(Ohod( M0 =t)
a
K](t,X):
(1—|—hot)(1+h1(1—x)), 0<t<x<T
a
( (b —t b —t,) —
(bi(y 1)+G1L( 2(x —t2) az)) y<x b <y<h
KZ(X)U):
\(b1(X—t1)+01)b(b2(y—tz)—az), X<y, b <x<t
h(t):(hwéo—hooﬂ)t_i_060—061—}11) 0<t<]
a a
1 1
¢1(t) :EJ (b2(x —t2) — @)Ky (t,x)dx, 0<t<1
0
1 1
(Pz(t):EJ(b1(X—t1)+a1)K1(t>X)dX> 0<t<T
0
Proof

Putting u”’(t) =w(t), 0 <t < 1.

By vertue of boundaries conditions (1.2)-(1.5), we obtain two following Sturn-Liouville boundary value problems :
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p

W(t) =w(t), 0<t<]

w(0) —hou(0) = o

uw (1) —hu(l) = o«

(

w'(t) =g(t), 0<t<1

W (t) —biw(ty) =N

(W (L) —bow(ty) = A;

The Green's fonctions for Sturn-Liouville problems (P and (P, ) are respectively Ky and K.

Then the solutions of the boundary value problems (P;) and (P;) are :

rl o

wt) = — | Kyt x)wix) dx + (hyog + hooy )t L o — (hy 4+ 1) (2.1)
Jo a a
2 ba(x — 1) — az)A bi(x —t A

wit) = — Kz(t,y)g(y)dy+( 2(x }2)) az) 1+( 1(x ;))Jr(h) 2 (2.2)
Jy

Substituting (2.2) into (2.1), we get
1 t2
u(t) :J K](’BX)J Ka(x,y)g(y) dydx + h(t) + Ar@i(t) +A2(t), 0<t < T

0 t

This completes the proof of Lemma 2.2. []

Lemma 2.3

Let conditions 1.1 and 1.2 be fulfilled. Then

1. Ki(tyx) > 0and Ky(t,y) >0 for t, x € [0, T]and y € [t, ta].
2. h(t) >0, @i(t) >0 and @,(t) >0 for t € [0, T].

[1I.  MAIN RESULTS

., we denote by C¥[0, 1]the Banach space of all kth continuously
max {[u(t)], W (t)|, ---[uk(t)]} andlet E =
telo, 1]

C2[0, 1]. Wedenoteby L [0, 1] the Banach space of all integrable functions 1(t) on [0, 1] with the norm

Throughout this article, for k = 0, 1,--

differentiable functions w(t) on [0, 1] withthe norm |Ju|| =

1
i, 1 :J lu(x)] dx.
0

Theorem 3.1 (Existence)

Let conditions (1.1), (1.2) and (1.3) be fulfilled. Then the nonhomogeneous Sturn-Liouville boundary value problem
has a unique positive solution Uy, , (t) for all A; > 0 and A; > 0.

Proof

letK={uek

definedby K ={u e E : u(t) >0, 0 <t <1}
The rest of the proof is based on the following proposition

u(t) > 0, 0 <t < 1}. Then K is a normal solid cone in £ and his interior is

Proposition 3.1

Let Ay, 12 — l% an operator define forany Ay > 0 and A; > 0 by:

© 2012 Global Journals Inc. (US)
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Kq(t,x) J Ka (6, y)f(y, u(y), w’(y)) dydx + h(t) + A (t) + Aaea(t). (3.1)

tH

Ay, (ult)) = J

0

Then A, », is T—concave with 0 < r < T.

Proof of proposition 3.1
Let k € [0, 1] and u € K, it follows from (3.1)

1 t2

K1(t,X)J Kz (x, y)f(y, ku(y), ku’(y)) dydx+h(t)+A @1 () +A202(t). (3.2)

t

A, (ku(t)) = L

By vertue the conditions (1.3), we obtain

1 153

Ki(t,x) J Ko (%, y)F(y, wy), u’(y)) dydx + h(t) + Aj@q(t) + A92(t).(3.3)

t

Any(ku(t) > KT L

Therefore, by inequality h(t) + A1 (t) + A2@2(t) > k'{h(t) + Ajq(t) + A,@2(t)} and (3.3), we obtain

1 t
A (ku(t)) > K {J K; (’%X)J K26, y)f(y, w(y), u”’(y)) dydx + h(t) + A (t) + 7\2@2(’5)} .

0 t

(3.4)
From (3.4), We conclude that

Anis (u(t)) < KA, (ku(t)). (3.5)

Rest of proof of theorem (3.1)

o

It follows fromlemma 2.1 and proposition 3.1 that A, A, has a unique fixed point 1w o €K
which is the unique positive solution of the boundary value problem (1.1)-(1.5). This completes the proof. [-]

Lemma 3.1

Under the conditions of Theorem (3.1) . The solution 1y, », of the boundary value problem (1.1) - (1.5)
satisfies the following propertie :

lim [[uas 2, (B)[[e = +o0
()\1 ,)\2)—)(+OO,+OO)

Proof
By virtue of the lemma 2.3, and the definition of u,, », (t) :
Wy, (1) = A, (g 0, (1))
= E Kq(t,x) Ez Ko (%, Yy, uay p (Y, w2, (W) dydx + R(t) + M @i (1) + Az g2(t),
1
we have

MA@ (t) + A2 (t) < |lup, p, (B)]|&-

It is clear that lim A1 (t) + A02(1)] = +00.
(A]vAZ)_}(+OO)+OO]

From this last limit, we conclude :

i t = .
(A1,A2)Jfl+lw,+m> [wri: (8]l = oo
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The proof of lemma 3.1 is complete. [-]

Theorem 3.2 (Continuous dependence)
Under the conditions of previous theorem . The solution Uy, , of the boundary value problem (1.1) -
(1.5), Uy, A, (1) is continuous in Ay and A,.

Proof
Let (A7, A) and (A, A}), such that (0,0) < (A, A9) < (A}, AD)(0 < A9 < Al and 0 < A9 < Ab).

PUt TT = {n > 05 W) < Ny (t), te 0, 1]} .

2012

We assertthat n < 1.

Thus, we obtain u)\%g(t) < nu}\}xé(t),for te[0,1].

January

Since Ay, is strictly increasing in A1 and Az, we have

woxo (1) = Ajorg (taoag (1)) < Anopo (tara1 (1)) < Ajnan (uanan (1)) = upna (t)
u)\(])}\g (t) < u)\}Al (t)) fOI“ t € [O, 1]

=
=
i

Itis easy to see that w,,,, () is also strictly increasing in Ay and A,.
Forany (A9, A9) > (0, 0),we suppose (Aj, Az) — (A%, A9), with (A%, A9) < (A1, Az).
We have easily, uA?)\g(t) < upa,(t), te0,1].

PUt T = {m >0, W, (1) < Muyere(t), t e 0, 1]}

1
—LL)“)\Z (t) for t € [O, 1]
m

(M A
Set QO = —, — | .
o O =min (55, )

Then T > T, and Uyope(t) <

That implies ()),», > 1, and

1
U«)\?)\g(t) = A}\?)\g (u)\?)\g(t)) > Amg (%u)\l?\z(t)) (3-6)

1 1
Anong (nzlu)qxz(t)) > O Anin (%(u)\ﬂ\z(t))) (3.7)

1 1 1
Ao (i (®) 2 SeAu i (0) = S, ReeDl (38)

Global Journal of Science Frontier Research (F ) Volume XII Issue I Version [

Combining (3.6), (3.7) and (3.8), we can easily obtain :
Un, A, (t) < ﬁrﬂy\])\zu)\%g (t), te [O, 1] (39)

Combining (3.9) and the definition of T , it follows that

1
m<Qiy,0<r<1.
And so
1
u)\l)\z (t) S ﬁu)\?;\g (t) S (Q;;{zu;\%g (t), O S T S 1, O S t é ]. (310)

© 2012 Global Journals Inc. (US)



By virty of (3.10), we can write

1
[[ua, (£) = woag (D] < (Qx %, = Diweag ()], 0<t<T. (3.11)

From (3.11) and the fact that lim O, = 1, it follows

(A1,02)—=(A9,19)

lim W r (1) — oo (1)1 = 0. s 1o
gy 17 () = g 0 .12

Thus, finaly, Ux, A, (t) is continuous i A; and A;. This complete the proof of theorem 3.2. [1]

N —
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8.
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